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The nonthick geometries of type C, and D, or equivalently all polar spaces 
having at least one line of cardinality 2 are classified. It turns out that there are two 
classes of such polar spaces. On the one hand, decomposable polar spaces or polar 
spaces which are direct sums of two or more polar spaces are obtained. On the 
other hand, polar spaces arising from the interval lattice of an irreducible projective 
geometry which can also be seen as being partitioned by a pair of disjoint maximal 
singular subspaces can be gotten. 
1. 1NTRoDucT10~ 
The notion of polar space is due to Veldkamp [7] who classified these 
structures to a large extent. His work was simplified and completed by Tits 
[ 61 in the context of building theory. Actually the classification has been 
completed in the case where all lines have at least 3 points. From several 
remarks in [6] it appears that the more general case of weak buildings, 
allowing lines of 2 points is not very difficult to handle. The construction, 
however, of a class of polar spaces having lines of 2 points, in the context of 
the interval lattice of a projective geometry [S], was our main motivation to 
finish the classification of weak polar spaces. Some more motivation for this 
can be found in the discovery of interesting weak geometries related to the 
sporadic groups [ 11. 
Further simplifications in the theory of polar spaces are due to 
Buekenhout-Shult [2]. We shall adopt the latter viewpoint to start our study. 
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2. DEFINITIONS AND MAIN RESULTS 
2.1 
Let r= (9”,5P) be a rank 2 geometry or incidence structure, i.e., 9 is a 
set ofpoints and ip is a family of distinguished subsets of 9 called lines. We 
assume that every line contains at least two points. A short line is a line 
containing exactly two points. 
If p is a point of r, then p’ denotes the set of all points of 9 which are on 
some line through p. If X is a set of points, then X1 = n,,,p’. The radical 
of X is the set Rad X= {a E X ( XC a’}. A subspace of r is a set S of 
pairwise collinear points such that every line having two points in S is 
contained in S. 
2.2 
Since subspaces of polar spaces turn out to be projective spaces we 
assume some knowledge of basic facts concerning the latter. In particular, r 
is a projective plane if all of its points are pairwise collinear, if r contains 
three noncollinear points and if any two lines in r have a common point. 
Hence we allow short lines in projective planes. 
Now r is a projective space if all of its points are pairwise collinear and if 
any three noncollinear points generate a projective plane. Let a projective 
space be called irreducible if it has no short lines. It is well known that 
irreducible projective spaces having more than one plane are canonically 
related to vector spaces of dimension d > 4. Another basic fact (see [3,4]) 
runs as follows: 
(1) Let (Pi),,, be a family of irreducible projective spaces Pi whose 
point sets are pairwise disjoint. Then the union P of their point sets bears a 
structure of projective space whose lines are the lines of each Pi on the one 
hand and all pairs of points {xi, yj} with xi E Pi, Yj E Pi, i # j, on the other 
hand. We say that P is the direct sum of the Pts. 
(2) If P is a projective space having some short line, then P is a direct 
sum of (at least two) irreducible and nonempty projective spaces. In 
particular, every projective plane having a short line consists of the direct 
sum of a line and of a point. 
In [6], Theorem 6.3 shows that n-dimensional projective spaces 
correspond to weak buildings of type A,, while irreducible projective spaces 
correspond to buildings. In view of (2) this also characterizes weak buildings 
of type A, which are not buildings. 
2.3 
In view of [2], we shall say that r is a polar space offinite rank r if: 
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(i) For every line L and every point p not on L, either one or all 
points of L are in p’; 
(ii) Rad 9 is empty; 
(iii) Each chain of distinct subspaces X-, c X,, c X, . . . c Xi has at 
most r -t 1 elements, i.e., i < r - 1 and there is such a chain having r + 1 
elements. 
Then the following additional properties hold [2]. 
(iv) Any two distinct lines have at most one common point. 
(v) Each subspace of r provided with the lines it contains is a 
projectives space of dimension d < r - 1. The proof of this property in [2] 
makes use of the fact that there are no short lines, but actually this 
assumption can be avoided. 
(vi) For every subspace S of r there is a maximal subspace disjoint 
from S. 
(vii) If there are no short lines and if a & b’, c $ d’, where a, b, c, d 
are points, then a’ n b’ and c’ n d’ are polar spaces of rank r - 1. 
On the basis of these properties it can be checked that r satisfies all 
axioms for a polar space of rank r as defined in [6] and conversely. 
From now on, an i-space of r will denote a subspace of dimension i. In 
particular, (r - 1)-subspaces are the maximal subspaces of K 
2.4 
Tits calls a polar space r of finite rank r thick if it has no short lines and 
if every (r - 2)-space is on at least three (r - I)-spaces. He shows 16, 
Theorem 7.61 that polar spaces of rank r correspond to weak buildings of 
type C, and that thick polar spaces correspond to buildings. Furthermore [6, 
Theorem 7.121, polar spaces of rank r in which every (r - 2)-space is in 
exactly two (r - 1)-spaces correspond to weak buildings of type D,. Also 
(Theorem 7.14), if all maximal subspaces of a nonthick polar space of rank 
r > 2 are irreducible projective spaces, then every (r - 2)-space is on exactly 
2 maximal subspaces; further, by [6, Theorem 7.121 and the discussion 
preceding it, the polar space corresponds to a building of type D,. The 
correspondences mentioned in this section are made explicit in [6]. 
2.5 
Let r be a polar space of finite rank r > 2, and suppose r has no short 
line. Then by 2.4 either r is a polar space (and therefore corresponds to a 
building of type C,) or some (r - 2)-space is contained in exactly two 
(r - 1 )-spaces (and therefore r corresponds to a building of type 0,). The 
converse of this is obvious. 
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PROPOSITION 1. If r is a polar space ofjinite rank r > 2 corresponding 
neither to a building of type C, nor a building of type D,, then r has some 
short line and conversely. 
2.6 
We shall give two constructions of polar spaces with a short line. 
(1) Direct sum of polar spaces. Let (rJis, be a family of polar 
spaces ri = (Lq, q) of rank ri > 1. Let r= (%F’, 9) be their direct sum 
which is defined as follows: 9 is the disjoint union of the sets q; 9 consists 
of the union of all g and of all pairs (xi, yj}, where xi E 3, yj E 3, i #j. 
We readily check that 2.3(i), (ii) holds, i.e., r is a polar space and r has a 
finite rank r if and only if I is finite as well as each ri, in which case 
r=Cir,ri. 
(2) Dualized projective space. Let P = (F,Y’) be an irreducible 
projective space of dimension d > 1 and let P* = (9’*, F*) be the dual of P 
whose points are the hyperplanes or (d - 1)-subspaces of P and whose lines 
are the (d - 2)subspaces of P. If d = 1, we assume that 9* is a copy of 9, 
disjoint from it. Then we obtain a polar space r= (9’, 9’) by dualization 
of P as follows: .P’ = 9 u 9*. Now L’ consists of 9 U .6P* and all pairs 
(x, y}, where x E .9 and y is a hyperplane of P containing x. Clearly, r has 
rank d + 1. The fact that P is irreducible does not influence the construction 
but we shall not need this more general situation. 
We shall say that a polar space is irreducible if it is not isomorphic to a 
direct sum of at least two polar spaces of rank 21. In view of the analysis 
carried out so far, all we have to do is classify irreducible polar spaces 
having a short line. Our results are as follows: 
THEOREM 2. Let r = (9, 9) be a polar space offinite rank r > 2. Then 
r is a direct sum of at least two irreducible polar spaces ri = (3, g), i E I, 
of rank ri > 1 tf and only Q-9 is not connected for the graph G whose edges 
are the pairs of noncollinear points in 9. Moreover, tf this is the case, then 
the sets q are the connected components of G and g is the set of all lines of 
r contained in 3.. 
THEOREM 3. If r is an irreducible polar space of finite rank r > 2 
having some short line, then r is a dualized projective space for some 
irreducible projective space P of dimension r - 1. 
2.1 
As a final consequence of Theorems 2 and 3, we notice that a direct sum 
r of polar spaces ri, i E Z determines a weak building of type D, for some n, 
if and only if each ri determines a weak building of typ D,i for some ni, 
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i E I. Similarly, we notice that every dualized projective space determines a 
weak building of type D, for some n. 
3. PROOF OF THEOREM 2 
(1) Assume first that r = (9,U) is a polar space of rank I > 2 which 
is the direct sum of at least two irreducible polar spaces ri = (4, q), i E Z 
of rank ri > 1. We write a 7Lp for two points a, p of r if and only if a and p 
are noncollinear. Now it is clear that the graph (9, 4) is not connected and 
that the connected component of a E q is contained in $. 
(2) Let r = (9,P’) be any polar space of rank r > 2 and let 5Pi, i E Z 
be the set of all connected components of the graph (9, 4). Let a E Si, 
b E 5Pj with i # j. Then a I b and so there is a line ab on a and b. Assume 
further that c E ab with a # c # b. Since Rad 9 is empty, there is a point 
a’ E 5Pi - a’ and therefore arln ab = {b}. Hence c E a” and so c E 5Pi. 
For the same reason, c E 5Yj. Therefore ab is a short line. Consequently, a 
line pq having two points p, q in gi must be contained in si. If q denotes 
the set of lines contained in 5Yi we see that r is the direct sum of the polar 
spaces @Pi, 5$). 
4. PROOF OF THEOREM 3 
(1) First we show that every irreducible subspace M of r which is 
maximal for these properties is a maximal singular subspace. Assume the 
contrary. Then N = M’ - M is not empty and all lines joining a point of M 
to a point of N are short lines. Also, M is not empty since a point would be 
an irreducible subspace anyway. If a is any point, not in N Uhf, then there 
is some x f M with a f x’ and therefore a E y’ for all y E N since (x, u} is a 
short line. Hence 9 = NUN’. Now N n N’ is empty since it is contained in 
the radical of 9. We notice that every line having two points in N (resp. N’) 
is in N (resp. N’) and therefore any pair {x, r} with x E N, y E N’ is a short 
line. This shows that r is the direct sum of he polar spaces underlying N and 
N’. Since I’ is irreducible we are forced to admit that M is a maximal 
singular subspace. 
(2) Let ab be a short line and let M be a maximal irreducible 
subspace containing a. Then b is not in M and M is a maximal singular 
subspace by (1). Let N be a maximal singular subspace disjoint from M 
(2.3.(vi)). Then every point n E N determines a hyperplane .’ n M in M and 
this forces N to be irreducible also. Then a’n N is a hyperplane of N and 
since every point of N is collinear either with a or b, b’n N must contain at 
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least the complement in N of some hyperplane, hence b’ contains N and as 
N is maximal, b E N. 
(3) The preceding argument shows that every short line with some 
point in MU N is contained in MU N. 
(4) We shall show that every line mn with m E M, n E N is short. 
Assume first that m = a, n # b. Then a, b, n generate a projective plane 
containing the short line ab and he line bn which has at least three points. 
Therefore na is a short line. Now we assume m # a, n # b. If m 65 b’, n & a’, 
then each point of mn is orthogonal with a unique point of ab and 
conversely, and therefore mn is a short line. Assume then that n E a’. By our 
first argument na is a short line and then, replacing a, b by n, a we see that 
mn is also a short line. 
(5) Now we show that 9 = MU N. Otherwise we may assume that 
there is some line bp with p not in MU N. Then bp has at least one more 
point q by (3). Now p1 f? N = q1 n N is a hyperplane in N. Let b’ E N - 
(p’n N) and consider b” f-7 M which is a hyperplane in M. For every 
x E b” n M, the line b’x has only two points by (4). Hence x E p’ n q1 and 
so x E y1 for every point y on bp. If a’ E M - (b” n M), then a’ is collinear 
with some point of bp say y and therefore y’ contains the hyperplane 
b” n M of M and an additional point a’, hence M is in y’, a contradiction. 
Therefore 9 = MU N. 
(6) All properties obtained so far suffke to show that r is a dualized 
irreducible projective space. 
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